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ABSTRACT

Process capability analysis has been developed for assessing quality performance. In prac-
tice, lifetime performance index C; is a popular means to assess quality performance, where L is
the lower specification limit. Most capability indices assume that the quality characteristic has a
normal distribution. Nevertheless, the lifetime model of many products generally may possess a
non-normal distribution which including exponential, Pareto or Weibull distribution and so
forth. Moreover, censored samples may arise in life testing experiments. In this study, a new ap-
proach of analyzing non-normal quality data is proposed. Applying the power data transforma-
tion technology, this study constructs a maximum likelihood estimator (MLE) of C; under the
Weibull distribution with the right type II censored sample. The MLE of C; is then utilized to
develop the new hypothesis testing procedure in the condition of known L. The new hypothesis
testing procedure is a quality performance assessment system. Moreover, the managers can then
employ the new testing procedure to determine whether the quality performance of products ad-
heres to the required level.

Keywords: Quality performance assessment system, Process capability analysis, lifetime perfor-
mance index, Right type II censoring
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1. INTRODUCTION

Effectively managing and measuring the
business operational process is widely seen
as a means of ensuring business survival
through reduced time to market, increased
quality and reduced costs. Process capability
analysis is utilized to assess whether product
quality meets the required level. For in-
stance, Montgomery (1985) (or Kane (1986))
proposed the process capability index C; for
evaluating the lifetime performance of elec-
tronic components, where L is the lower
specification limit, since the lifetime of elec-
exhibits  the

er-the-better quality characteristic of time

tronic components larg-
orientation. Tong et al.(2002) constructed a
uniformly minimum variance unbiased esti-
mator (UMVUE) of C;under an exponential
distribution. Moreover, the UMVUE of C, is
then utilized to develop the hypothesis test-
ing procedure. The managers can then em-
ploy the testing procedure to determine
whether the lifetime of electronic compo-
nents adheres to the required level. Hong et
al.(2007) constructed a maximum likelihood
estimator (MLE) of C;, under an pareto dis-
tribution. The MLE of C; is then utilized to
develop a new hypothesis testing procedure
in the condition of known L. The new testing
procedure can be employed by managers to
assess whether the business performance ad-
heres to the required level in the condition of
known L.

All of the above process capability in-
dices are derived under the assumption that
the quality characteristic has a normal distri-
bution, exponential distribution or pareto dis-
tribution.

Nevertheless, these products

should consist of manufactured goods such
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as electronic components, computers and
clothing, as well as services such as the gen-
eration and distribution of electric energy,

public transportation, banking, retailing and
health care. Therefore, the lifetime model of
many products generally may possess a
non-normal distribution which including ex-
ponential, Pareto or Weibull distribution and
so forth. To utilize the lifetime performance
index C, in assessing the lifetime perfor-
mance of products more generally and accu-
rately. In this paper, the Weibull distribution
is to assess the lifetime performance of prod-
ucts. The Weibull distribution has a great va-
riety of shapes and makes it extremely flexi-
ble in fitting data. Let the lifetime X of such a
product has the Weibull distribution with the
probability density function (p.d.f.) is

f (=2 xﬁ‘lexp[—(g)ﬁ],x>0,a>0,ﬂ>0. (1)

of

The parameter 3 is called the shape pa-
rameter, and the parameter o is called the
scale parameter. For the special case =1,
the Weibull distribution is the simple expo-
nential distribution. For the special case =2,
the Weibull distribution is the Rayleigh dis-
tribution. In addition, for 3 = =4, the shape
of the Weibull distribution is close to that of
the normal distribution (see Nelson (1982)).
The shape parameters 3 determine the vari-
ety of shapes in the Weibull distribution and
the failure rate function. But the effect of the
scale parameter o is to only stretch out the
graph. The 3 is more important than « in the
Weibull distribution. We present a  shape-
first” approach for the Weibull distribution
that is to fit B before fitting a.

In life testing experiments, the experi-
menter may not always be in a position to

observe the life times of all the products put
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on test. This may be because of time limita-
tion and/or other restrictions (such as money,
material resources, mechanical or experi-
mental difficulties, etc.) on data collection.
Therefore, censored samples may arise in
practice. The issues of censored data are of-
ten ignored in knowledge discovery. In this
paper, we consider the case of the type II
right censoring. For the type II right censor-
ing, only the first » lifetimes have been ob-
served and the lifetimes for the remaining
(n-r)components are unobserved or missing.

The main aim of this study will develop
a quality performance assessment system for
non-normal lifetime product. Apply the pow-
er data transformation technology to con-
structs a maximum likelihood estimator
(MLE) of C; under the Weibull distribution
with the right type II censored sample. The
MLE of C, is then utilized to develop the hy-
pothesis testing procedure in the condition of
known L. The new hypothesis testing proce-
dure is a quality performance assessment
system for non-normal lifetime product.
Moreover, the new testing procedure can be
employed by managers to assess whether the
lifetime of products adheres to the required
level in the condition of known L.

The rest of this paper is organized as
follows. Section 2 introduces some proper-
ties of the lifetime performance index for
lifetime of products with the Weibull distri-
bution based on the right type II censored
sample, in addition, to discuss the relation-
ship between the lifetime performance index
and conforming rate. Section 3 then presents
the maximum likelihood estimator of the
lifetime performance index and its statistical
properties. Section 4 develops a new hypoth-
esis testing procedure for the lifetime perfor-

mance index. Two numerical examples and
concluding remarks are made in Section 5

and Section 6, respectively.

2. THT LIFETIME PERFORMANCE IN-
DEXAND THE CONFORMING RATE

Suppose that the lifetime of products X
may be modeled by a Weibull distribution
with the p.d.f. as (1). Clearly, a longer life-
time implies a better product quality. Hence,
the lifetime is a larger-the-better type quality
characteristic. The lifetime is generally re-
quired to exceed L years to both be economi-
cally profitable and investors. Montgomery
(1985) developed a capability index C; for
properly measuring the larger-the-better
quality characteristic. C; is defined as C;=
J%, where the process mean p, the process
standard deviation o, and L is the lower
specification limit.

To assess the lifetime performance of
products, C; can be defines as the lifetime
performance index. Under the power data
transformation Y=X* B>0(known), the dis-
tribution of is an exponential distribution and
with p.d.f. is

f,(y,0)=0exp(-0y),y>0,0=a" >0 (2)

Moreover, there are several important prop-

erties, as follows:

® The lifetime performance index C; can be
rewritten as:

C = ’“‘;L —1-4.C<l, 3)

where the process mean p=ey=1/6, the
process standard deviation o = \/ VARY
=1/0, and L is the lower specification lim-
it.

® The cumulative distribution function of is

given by:
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F(y)=1-e%, y>O0. “4)

® The failure rate function is defined by:

r(y)=f,(0)/A-F(y) =6, 6>0.

(5

The important properties can be deter-
mined by using power data transformation
Y=X*, X>0, >0 (known). And the data set
of and transformed data set of have the
same effect in assessing the lifetime perfor-
mance of products. When the mean 1/0(>L),
then C;>0. From equations (3) and (5), we
the
smaller the failure rate and the lager C,.

can see that the larger the mean 1/6,
Therefore, the lifetime performance index
C; reasonably and accurately represents the
lifetime performance of new product.

If the lifetime of a product X which
Y=X* B>0 (known) exceeds the lower speci-
fication limit L, then the product is defined as
a conforming product. The ratio of conform-
ing products is known as the conforming

rate, and can be defined as:
P=PY>L)=e%", (6)

Obviously, a strictly increasing and one

-0 < C <1

to one relationship exists between conform-
ing rate P, and the lifetime performance in-
dex C;. Therefore lifetime performance in-
dex C; can be a flexible and effective tool,
not only evaluating product performance, but
also for estimating the conforming rate P..

3. MLE OF LIFETIME
PERFORMANCE INDEX

In lifetime testing experiments of prod-
ucts, the experimenter may not always be in
a position to observe the lifetimes of all the
items on test due to time limitation and/or
other restrictions (such as money, material

resources, mechanical or experimental diffi-
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culties, etc) on data collection. Therefore,
censored samples may arise in practice. In
this paper, we consider the case of the right
type II censoring.

With type II censoring, the value of 7 is
chosen before the data are collected, and the
data consist of the » smallest lifetimes in a
random samples X}, X;,...,X, from the Weibull
distribution with p.d.f. (1), and X ;;<Xp<.....
<X, r=n are the corresponding right type II
censored sample. Since the joint p.d.f. of X,
Xopp-s Xy 18

(Hxﬂ“)e(p[ Z(X()/a)ﬂ (=X, /e)’1 (7)

(n- r)| Br

So, the log-likelihood function L is

LS XG (n- r)X ;
(n I’)' Br zlnx(lf) ; a(ﬁ) () (8)
dinL — B
By =0 and 0 =a®, hence, we show that

o ~
the maximum likelihood estimator @ of @ is
given by

~ r

0=
ZX(,) +(n- r)X(r)

, r<n.

)

By wusing the invariance of maximum
likelihood estimator (see Zehna (1966)), the

maximum likelithood estimator of C; can be

written as:
C =1-4
=1-— L ,r<n (10)
X +(n r)X(r)

i=1
By the power data transformation Y= X",
>0, the maximum likelihood estimator of

C, can be rewritten as:

é =1 rL r<n 0
2 Yo +(n=1)Yy,
We need the following Theorem 3.1. and

Corollary 3.1. of Lawless (2003) to derive
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the properties of éL.
Theorem 3.1. Let y;<yp<...<y be the first r
ordered observations of a random sample of
size n from exponential distribution and with
p.d.f. as (2). Then W,,...W, are independent
and identically distributed, also with p.d.f. as
(2), where , Wi=(n-i+1)yoyin), i =1,2...,r.
Corollary 3.1. Under the conditions of

Theorem 3.1. W= z Yo t@ry,, has a
i-1
distribution given by 26W ~ X (er) .
Let W= X/ +(n-r)Xf,, then by

i=1
using Theorem 3.1. and Corollary 4.1.1. of
Lawless (2003), we obtain that 20W ~ Z(zzr) .

Hence, the expectation of C , can be derived

as follows:
EC, =E(1—— rt )
;xﬁ +(n-r)x’/
rL
=EQ-) (12)
=1—2I‘L6E(2;N)=1—:Lj.

But EéL #C,, where C_ =1-6L . Hence, the
maximum likelihood estimator C. is not an

unbiased estimator of C; . But when r—>o0,
EC ,—>C, so the maximum likelihood estima-
tor C , 1s asymptotically unbiased estimator.
Moreover, we also show that @L is consistent.

4. TESTING PROCEDURE FOR THE
LIFETIME PERFORMANCE IINDEX

Construct a statistical testing procedure
to assess whether the lifetime performance
index adheres to the required level. Assum-

ing that the required index value of lifetime
performance is larger than c, where denotes

the target value, the null hypothesis H:C, <c
and the alternative hypothesis H,:C,>c are

constructed. By using &, the MLE of C, as
L

the test statistic, the rejection region can be
expressed as {éL >C, } Given the specified
significance level o, the critical value C, can
be derived:

C -1- 2r(1-c)

° T CHIINV —a 2r) (13)
where ¢, o, and r, CHINV (1-a, 2r) denote
the target value, the specified significance
level , the observed number and the lower 1-
percentile of Z(zzr), respectively. Moreover,
we also find that C; is independent of n.

Given the specified significance level
o', the level (1-a") one-sided confidence
interval for can be derived as follows:

With the pivotal quantity 260, where

20W~x o, and CHINV (1-o’, 27) function

which represents the lower 1-a” percentile
2
of Z(Zr) .

P(26W <CHIINV(1-¢a",2r)) =1-¢,
2r(1-C))

L

= P <SCHINV(-o’2r)=1-a", (14)

(a-C)CHINV(-a"2r), ;-

= P(C, >1-
. 2r

where C,=1-6L and éL :1_E .
w

From Equation (14), then

(1—C,)CHIINV (1-¢,2r) (15)
2r

one-sided confidence

C >1-

is the level (1-a")
interval for C,.
Thus, the level (1-a”) lower confidence

bound for C, can be derived:

(1-C)CHIINVA-0a,2r)  (16)

LB=1-
2r

where éL , o and r denote the maximum
likelihood estimator of C;, the specified
significance level and the observed number,
respectively.
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The managers can then employ the
one-sided hypothesis testing to determine
whether the lifetime performance index ad-
heres to the required level. The proposed
testing procedure about C; can be organized
as follows:

Step 1. By using the least squares method for
of B the
approach to fit the

various values and
“ shape-first”

optimal value 3 of and estimate o
such that the Residual Sum of
Squares (SSE) is minimized. Then, 3
is defined as known.

Step 2. The goodness of fit test based on the

Gini statistic (see Gail and Gastwirth

(1978)) for type II censored data.

Step 3. Let the power data transformation
Yo =Xg, f>0,i=12-1 for the
type II right censored sample X;), X,
ceer X

Step 4. Determine the lower lifetime limit L

for products and lifetime perfor-

mance index value , then the testing

null hypothesis Hy:C; =c and the al-

ternative hypothesis H,;:C;>c is con-

structed.

Step 3.

Step 6.

Specify a significance level .
Calculate the value of test statistic by

(11):
A rL

C =1——
ZY(i) +(n-r)Y,
i=1

r<n.

Step 7. Obtain the critical value C, by using
(13), according to the target value c,
the observed number r and the signif-
icance level .

Step 8. The decision rule of statistical test is
provided as follows:

“If éL > C,, it is concluded that the
lifetime performance index of prod-
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uct meets the required level.”

Based on the proposed testing proce-
dure, the lifetime performance of products is
easy to assess. Moreover, the new hypothesis
testing procedure is a quality performance
assessment system for non-normal lifetime
product. One numerical examples of the pro-
posed testing procedure are given in the Sec-
tion 6, and the numerical example illustrate
the use of the testing procedure. In addition,
the proposed testing procedure can be con-
structed with the one-sided confidence inter-
val too. The decision rule of statistical test is

“If performance index value c¢ [LB, ) , it
is concluded that the lifetime performance

index of products meets the required level.”
5. NUMERICAL EXAMPLES

In this section, we propose the new hy-
pothesis testing procedure to two practical
data sets. Example 1 considered is the failure
data of =12, =10 electrical insulating fluids
from Nelson (1982). Example 2 is the results
of a life-test experiment in which n=24, =17
electric cords for a small appliance are flexed
by a test machine until failure, and it yields a
reasonably straight plot on the normal paper
(Nelson (1982)).The numerical examples il-
lustrates the use of the proposed testing pro-
cedure. The proposed testing procedure not
only can handle non-normal quality data, al-
so can handle an approximate normal quality
data.

Example 1. Nelson (1982, p. 124, Table 10.
3) presents the results of a life-test experi-
ment in which specimens of a type of electri-
cal insulating fluid were subject to a constant
voltage stress. The length of time until each
specimen failed (or brokedown) was ob-

served at 30 Kv. The censored sample of the
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lifetime data of n =12, r = 10 electric cords
are 50, 134, 187, 882, 1448, 1468, 2290,
2932, 4138, 15750(seconds). Then, we also
state the proposed testing procedure about C,
as following:

Step 1. Let X have the Weibull distribution
with p.d.f. as (1). Then the cumulative distri-

bution function of X is given as
F, (X) =1-exp[-(x/@)’], x>0.  (17)
The expectation of Fiy(x) 1s
E[Fc(Xi)]=1/(n+1) [ i=12.--r,r<n (18)
y using the approximate equation is given as
|n(1—ni—+1)z—(%)ﬁ, =121 (19)

and the least squares method for various val-
ues of B and the “shape-first’ approach to
fit the optimal value of B and estimate such
that the Residual Sum of Squares (SSE) is
minimized.

The ranking data {xq, 1 =1,2,"*-, 10}={3.912,
4.898, 5.231, 6.782, 7.279, 7.293, 7.736, 7.
983, 8.338, 9.668}

The values of Residual Sum of Squares

(SSE) and the estimation of o (&) for vari-
ous values of (3 are shown in Figure 1. This
display indicates that 3=0.4 is very close to

the optimum value 0.1437 and &=4930.68.
Then, B is defined as known. In practice 0.
3=B3=0.5, may be the candidates in SSE =
0.2362 criterion.

* indicates that b=0.4 is very close
to the optimum value

01437 K
004 1 2 3 4 5 6 7 8 9 10

Figure 1: Plot of residual sum of squares SSE

versus 3

Step 2. The goodness of fit test based on the
Gini statistic for type II right censored data.
The operational lifetimes data of electrical
insulating fluid {x;,1=1,2,"-*, 10} (r=10, n
=12), and apply the Gini statistics (see Gail
and Gastwirth (1978)) to the hypothesis that
the data from the Weibull distribution with
the p.d.f. is

0.4 06
4930.68""

at level o™= 0.05.

The null hypothesis is Hy: X~ the Weibull dis-
tribution with the p.d.f. (20).

The Gini statistics

G =S -IXW @

where, W=(n-i+1)(yu-Yan, i =1,2,...,7, o= 0),

exp—(———)""],x> 0. (20)

f, (X)=
() 4930.68

. B
and the power data transformation y , =x ,,
B>0.

For r=3,...,20, the

(G>€ ,0r G=<€, |, where the critical val-

rejection  region
1-a/2
ue £ -, is the a/2 percentage points of the G,

statistic. For 3=0.4, the Gini statistics
9 10

Gy =(Q)iIW,)/(10-D)D W =0.46123.
i=1 i=1

fo.ozs =0.31232< G, = 0.46123 < 50.975 =

0.68768, so we can not reject H, at the 0.05
level of significance. We can conclude the
operational lifetimes data of electrical insu-
lating fluid from the Weibull distribution
with the p.d.f. (20) at level o= 0.05.

Step 3. The operational lifetimes data of
electrical insulating fluid {x, i = 1,2,---,10}
and we take the power transformation of y(7)
=x,,i=12,.,10.

Step 4. The lower lifetime limit L is assumed
to be 3.0, i.e. if the lifetime of an electrical
insulating fluid exceeds 15.6 seconds, then

the electrical insulating fluid is defined as a
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conforming product. To deal with the prod-
uct managers' concerns regarding operational
performance, the conforming rate P, of oper-
ational performances is required to exceed
80 percent. By using (6), the C; value opera-
tional performances is required to exceed O.
80. Thus, the performance index value is set
at ¢ = 0.80. The testing hypothesis H,: C,=
0.80 v.s. H, : C;=0.80 is constructed.

Step 5. Specify a significance level o™= 0.05.
Step 6. Calculate the value of test statistic

A 10x3

LT 104,072+ (12-10)x47.74 ~ 089

Step 7. Obtain the critical value Ci= 0.873 by
using (13), according to ¢= 0.80, =10 and
the significance level a= 0.05.

Step 8. Because of C_ = 0.896 > C= 0.873,
so we do reject to the null hypothesis Hy:
C; =0.80. Thus, we can conclude that the
lifetime performance index of electrical insu-
lating fluid operation does meet the required
level.

Example 2. Nelson (1982, p. 121, Table 10.
1) presents the results of a life-test experi-
ment in which electric cords for a small ap-
pliance are flexed by a test machine until
failure. The test simulates actual use, but
highly accelerated. Each week, 12 cords go
on the machine and run a week. After a
week, the un-failed cords come off test make
room for a new sample of cords. The cen-
sored sample of the lifetime data of n =24, r
=17 electric cords is given as following, and
it yields a reasonably straight plot on the nor-
mal paper: {X,, i=1,2,"-, 17}={57.5, 77.8,
88.0, 96.9, 98.4, 100.3, 100.8, 102.1, 103.3,
103.4,105.3, 105.4, 122.6, 139.3, 143.9, 148.
0, 151.3(hours)}.

Then, we also state the proposed testing pro-
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cedure about C; as following:

Step 1. Let have the Weibull distribution
with p.d.f. as (1). Then the cumulative distri-
bution function of is given as (17). The ex-
pectation of 3 is given as (18). By using the
approximate equation is given as (19) and
the least squares method for various values
of B and the “shape-first” approach to fit
the optimal value of 3 and estimate o such
that the Residual Sum of Squares (SSE) is
minimized.

The ranking data {x, i=1,2,-*-, 17}= {57.5,
77.8, 88.0, 96.9, 98.4, 100.3, 100.8, 102.1,
103.3,103.4, 105.3, 105.4, 122.6, 139.3, 143.
9, 148.0, 151.3(hours)}.

The values of Residual Sum of Squares

(SSE) and the estimation of a(&) for various
values of 3 are shown in Figure 2. This dis-

play indicates that 3= 2.7 is very close to the

optimum value 0.19656 and a=145.62. Then,
B is defined as known. In practice, 2.4=p =
3.1 may be the candidates in SSE =0.22 cri-

terion.
2

¢ indicates that b=2.7 is very close
to the optimum value

)
15F e

0.5+

K
3 o*
0.1966 s

0

0 1 2 273 4 5 6 7 8 9 10

Figure 2: Plot of residual sum of squares SSE

versus [3

Step 2. The goodness of fit test based on the
Gini statistic for type II right censored data.
The operational lifetimes data of electrical
insulating fluid {X,, i=1,2,>-, 17} (r=17,n
=24), and apply the Gini statistics (see Gail
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and Gastwirth (1978)) to the hypothesis that
the data from the Weibull distribution with
the p.d.f. is

X7 expl—(——=—)*"],x>0. (22)

27
f.(X)=
() 145.62

145627
at level «=0.05.
The null hypothesis is H, : X~ the Weibull
distribution with the p.d.f. (22).
The Gini statistics

r

G =S -DTW @)

i=1
where Wl:(l’l—l+ 1)(_)/@-_)/(,'_1), i=1 ,2,,..,}", y(()):O,
. B
and the power data transformation y ,=x ,,
3>0.
For r =3,...,20, the rejection region
(G>E, ,or G=<E -, |, where the critical val-

ue & - is the o/2 percentage points of the G,

/2

statistic. For 3=27, the Gini statistics

16 17
Gy = (QLIWL,) I(A7-DY W, = 0.44807.
i=1

i=1

c Eys= 035893 < G, = 044807 < £,,0c =

0.64107, so we can not reject H, at the 0.05
level of significance. We can conclude the
operational lifetimes data of electric cords
from the Weibull distribution with the p.d.f.
(22) at level v=0.05.

Step 3. The operational lifetimes data of
electric cords {x,, i=1,2,"*-,17} and we take
the power transformation of Yy, = X&), i =1,
2,,17.

Step 4. The lower lifetime limit L is assumed
to be 69294.18, i.e. if the lifetime of an elec-
tric cord exceeds 62.1 hours, then the electric
cord is defined as a conforming product. To
deal with the product managers' concerns re-
garding operational performance, the con-
forming rate P, of operational performances
is required to exceed 80 percent. By using
(6), the C; value operational performances is

required to exceed 0.80. Thus, the perfor-
mance index value is set at ¢ = 0.80. The
testing hypothesis H, :C;=0.80 v.s. H, :C;>0.
80 is constructed.

Step 5. Specify a significance level o= 0.05.
Step 6. Calculate the value of test statistic

2 17x69294.18

C =1-
- 1.37751x10% +(24—-17)x 7.17218x10%®
=0.999.

Step 7. Obtain the critical value C, = 0.860
by using (13), according to ¢ = 0.80, » = 17
and the significance level o = 0.05.

Step 8. Because of C; = 0.999 > C, = 0.860,

so we do reject to the null hypothesis H; :
C,=0.80. Thus, we can conclude that the

lifetime performance index of electric cord
operation does meet the required level.

6. CONCLUSIONS

Process capability indices are widely
employed by manufacturers to assess the per-
formance and potential of their processes.
Most process capability indices have been
developed or investigated to assess whether
product quality meets the required level un-
der a normal lifetime model. Nevertheless,
the lifetime model of many products general-
ly may possess a non-normal distribution.
Moreover, in life testing experiments, the ex-
perimenter may not always be in a position
to observe the life times of all the businesses
(or items) put on test. This may be because
of time limitation and/or other restrictions
(such as money, material resources, mechan-
ical or experimental difficulties, etc.) on data
collection. Therefore, censored samples may
arise in practice. So, we consider the case of
the right type II censoring, mator (MLE) of
C; under the Weibull distribution with the
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right type II censored sample. The MLE of C,
is then utilized to develop the hypothesis
testing procedure in the condition of known
L. Moreover, the new hypothesis testing pro-
cedure is a quality performance assessment
system for non-normal lifetime product. The
proposed testing procedure is easily applied
and can effectively evaluate whether the life-
time of products meets requirements. The
managers can also utilize this procedure to

enhance process capability.
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