航空技術學院學報  第十二卷  第一期（民國一○二年）
航空技術學院學報  第十二卷  第一期  第141－156頁（民國一○二年）
Journal of Air Force Institute of Technology, Vol. 12, No. 1, pp. 141-156, 2013

Free Convection about a Permeable Horizontal Circular Cylinder in a Porous Medium Filled with a Nanofluid
飽和多孔性介質內對於流經一可穿透性水平圓柱體之奈米流體的自然對流

Kuo-Ann Yih,  Uon-Jien Payne,  Ming-Shen Sheu,  Chuo-Jeng Huang
易國安、潘永堅、徐明生、黃卓礽
Department of Aircraft Engineering, Air Force Institute of Technology

空軍航空技術學院飛機工程系
Abstract
    Free convection about a permeable horizontal circular cylinder embedded in a porous medium filled with a nanofluid is numerically analyzed. The surface of the horizontal circular cylinder is maintained at the uniform wall temperature. The model used for the nanofluid incorporates the effects of Brownian motion and thermophoresis. The non-similar governing equations are obtained by using a suitable transformation and solved by Keller box method. The presented solution depends on the dimensionless coordinate ξ, the buoyancy ratio Nr, the Brownian motion parameter Nb and the thermophoresis parameter Nt, the Lewis number Le, and the blowing/suction parameter 
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. Increasing the dimensionless coordinate ξ, the buoyancy ratio Nr, the Brownian motion parameter Nb, and the thermophoresis parameter Nt decreases the local Nusselt number. The nanoparticles Sherwood number decreases as the dimensionless coordinate ξ, the buoyancy ratio Nr, the thermophoresis parameter Nt increase. Whereas, the nanoparticles Sherwood number increases with increasing the Brownian motion parameter Nb. Increasing the Lewis number Le and the blowing/suction parameter 
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 enhances both the local Nusselt number and the nanoparticles Sherwood number. Moreover, the Lewis number has a pronounced effect on the nanoparticles Sherwood number than it does on the local Nusselt number.
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摘  要

本文以一數值方法來分析在飽和多孔性介質內，對於流經一可穿透性水平圓柱體之奈米流體的自然對流。水平圓柱體表面維持為均勻壁溫度。對於奈米流體模式，吾人使用布朗運動與熱遷移效應。吾人以凱勒盒子法來解轉換過的方程式。數值計算結果與無因次座標ξ、浮力比Nr、布朗運動參數Nb、熱遷移參數Nt、路易士數Le、並噴/吸流參數
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有關。增加無因次座標ξ、浮力比Nr、布朗運動參數Nb、與熱遷移參數Nt，則降低局部Nusselt數。奈米粒子Sherwood數隨著無因次座標ξ、浮力比Nr、與熱遷移參數Nt的增加而降低。然而，奈米粒子Sherwood數則會隨著布朗運動參數Nb的增加而增大。增加路易士數Le與噴/吸流參數
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，均會增大局部Nusselt數與奈米粒子Sherwood數。路易士數Le對奈米粒子Sherwood數之影響比對局部Nusselt數來得更為顯著。
關鍵字：自然對流，可穿透性水平圓柱體，多孔性介質，奈米流體
1. Introduction
  Coupled heat and mass transfer (or double-diffusion) driven by buoyancy, due to temperature and concentration variations in a saturated porous medium, has several important applications in geothermal and geophysical engineering such as the migration of moisture through the air contained in fibrous insulation, the extraction of geothermal energy, underground disposal of nuclear wastes, and the spreading of chemical contaminants through water-saturated soil.

    The study of free convection from a horizontal cylinder in porous media was investigated by Merkin [1] (similarity solution), Fand et al. [2] (experiment), Nakayama and Koyama [3] (integral method), Ingham and Pop [4] (finite-difference solution), and Pop et al. [5] (Keller box method). Previous researches [1-5], however, have only concentrated upon the problem of thermal-driven flow. In the aspect of coupled heat and mass transfer, Cheng [6-7] extended the work of Pop et al. [5] to investigate the double diffusion from a horizontal cylinder of elliptic cross section with constant wall temperature and concentration [6] and uniform wall heat and mass fluxes [7] in a porous medium, respectively. Singh and Chandarki [8] studied the integral treatment of coupled heat and mass transfer by natural convection from a cylinder in porous media. Mahdy [9] investigated the effect of chemical reaction and heat generation or absorption on double-diffusive convection from a vertical truncated cone in porous media with variable viscosity.

Nanotechnology is considered by many to be one of the significant forces that drive the next major industrial revolution of this century. Its application is in biological sciences, physical sciences, electronics cooling, and advanced nuclear systems. The term “nanofluid” refers to a liquid containing a suspension of submicronic solid particles (nanoparticles). It seems that Choi [10] is the first who used the term nanofluids to refer to the fluid with suspended nanoparticles. A comprehensive survey of convective transport in nanofluids was made by Buongiorno [11] and Kakaç and Pramuanjaroenkij [12]. The heat transfer characteristic of nanofluids is of much importance because that these fluids stand for a possible way to increase the heat transfer rate [11].
There are a few important and numerical studies on nanofluids free convective boundary-layer flow in porous media filled with a nanofluid described as followed: Nield and Kuznetsov [13] extended the Cheng-Minkowycz problem [14] to investigate the natural convective boundary-layer flow in a porous medium saturated by a nanofluid. Free convective boundary layer flow over a nonisothermal vertical plate embedded in a porous medium saturated with a nanofluid was presented by Gorla and Chamkha [15]. Khan and Pop [16] studied the free convection boundary layer flow past a horizontal flat plate embedded in a porous medium filled with a nanofluid. The non-similar solution for natural convective boundary layer flow over a sphere embedded in a porous medium saturated with a nanofluid was analyzed Chamkha et el. [17]. Cheng [18] extended the work of Yih [19] to examine the natural convection boundary layer flow over a truncated cone in a porous medium saturated by a nanofluid. Mahdy and Ahmed [20] presented the laminar free convection over a vertical wavy surface embedded in a porous medium saturated with a nanofluid. Uddin et al. [21] studied the free convection boundary layer flow from a heated upward facing horizontal flat plate embedded in a porous medium filled by a nanofluid with convective boundary condition. Natural convection boundary layer flow over a horizontal cylinder of elliptic cross section in porous media saturated by a nanofluid was examined by Cheng [22].
    From the literature survey, it seems that the free convection flow from the permeable horizontal circular cylinder in a porous medium filled with a nanofluid has not been studied so far. The aim of the present work, therefore, is to investigate numerically a non-similar solution for free convective boundary layer flow over a permeable horizontal circular cylinder embedded in a porous medium filled with a nanofluid.

2. Analysis

    Let us consider here the free convection flow over a permeable horizontal circular cylinder embedded in a saturated porous medium filled with a nanofluid. Figure 1 shows the flow model and the physical coordinate system. x is measured along the circumference of the horizontal circular cylinder from the lowest point o and y is measured normal to the surface. a is the radius of the horizontal circular cylinder. Φ = x/a is the angle of the y-axis with respect to vertical (
[image: image5.wmf]p

£

F

£

0

). The gravitational acceleration g is acting downward.
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FIG. 1 The flow model and the physical coordinate system

The surface of the horizontal circular cylinder is maintained at a uniform wall temperature 
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, which is higher than the ambient temperature 
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). The nanoparticle volume fraction on the surface of the horizontal circular cylinder is 
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 and the ambient value of the nanoparticle volume fraction is denoted by 
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 is the uniform blowing/suction velocity. 
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 have constant values. The effects of Brownian motion and thermophoresis are incorporated into the model for nanofluids. All the fluid properties are assumed to be constant, except for density variations in the buoyancy force term.
The flow over the horizontal circular cylinder is assumed to be two-dimensional, laminar, steady and incompressible. We assumed that the thermal and nanoparticle volume fraction boundary layers are sufficiently thin compared with the radius of the horizontal circular cylinder.

Introducing the Oberbeck-Boussinesq [13] and  the boundary layer approximations, and the Darcy law, the governing equations for the conservation of total mass, momentum, energy, and nanoparticles for nanofluids within the boundary layer near the permeable horizontal circular cylinder can be written in two-dimensional Cartesian coordinates (x, y) as follows [20]:

[image: image21.wmf]0

y

v

x

u

=

¶

¶

+

¶

¶

            (1)


[image: image22.wmf](

)

(

)

(

)

(

)

¥

¥

¥

¥

¥

-

m

F

r

-

r

-

-

m

b

F

r

-

+

¶

¶

m

-

=

C

C

K

sin

g

T

T

K

sin

g

C

1

x

P

K

u

f

p

f

 (2)


[image: image23.wmf](

)

(

)

(

)

(

)

¥

¥

¥

¥

¥

-

m

F

r

-

r

-

-

m

b

F

r

-

+

¶

¶

m

-

=

C

C

K

cos

g

T

T

K

cos

g

C

1

y

P

K

v

f

p

f

 (3)

[image: image24.wmf]ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

÷

÷

ø

ö

ç

ç

è

æ

+

¶

¶

¶

¶

t

+

¶

¶

a

=

¶

¶

+

¶

¶

¥

2

T

B

2

2

y

T

T

D

y

T

y

C

D

y

T

y

T

v

x

T

u

 (4)

[image: image25.wmf]2

2

T

2

2

B

y

T

T

D

y

C

D

y

C

v

x

C

u

¶

¶

÷

÷

ø

ö

ç

ç

è

æ

+

¶

¶

=

¶

¶

+

¶

¶

¥

    (5)

The boundary conditions are defined as follows:
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Here u and v denote the volume-averaged velocity components in the x- and y- directions, respectively. T is the volume-averaged temperature. C is the nanoparticle volume fraction. ρf, μ and β are the density, viscosity, and volumetric expansion coefficient of the fluid. ρp is the density of the nanoparticle. K is the permeability of the porous medium. α is the thermal diffusivity of the porous medium. The heat capacity ratio between nanoparticle and fluid is defined as τ = (ρc)p/(ρc)f. (ρc)p and (ρc)f are the effective heat capacity of the nanoparticle material and the heat capacity of the fluid, respectively. DB and DT are the Brownian diffusion coefficient and the thermophoresis diffusion coefficient, respectively.
    The stream function 
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 is defined in the usual way: 
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 Therefore, the continuity equation is automatically satisfied.
    We now pay our attention to governing equations (2) and (3). If we do the cross-differentiation
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 then the pressure terms in equations (2) and (3) can be eliminated. Further, with the help of the boundary layer approximation 
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, and assuming that g sinΦ and g cosΦ are of the same order of magnitude, then we can obtain
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Invoking the following transformations
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and inserting equation (9) into equations (1), (4)-(8), the transformed dimensionless governing equations may be written as
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The transformed dimensionless boundary conditions are defined as follows:
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In terms of the new variables, the volume-averaged velocity components in x- and y- directions are given by
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In the above equations, the primes denote the differentiation with respect to η. Equation (10) is obtained by integrating equation (8) once with the help of equation (6).
The five important parameters are defined as followings:
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Here Nr, Nb, Nt, Le, and 
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 denote the buoyancy ratio, the Brownian motion parameter, the thermophoresis parameter, the Lewis number, and the blowing/suction parameter, respectively. For the case of blowing, 
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 < 0. On the other hand, for the case of suction, 
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The results of practical interest, in this study, are the local Nusselt number Nux and the nanoparticles Sherwood number Shx respectively, which are basically defined as followed:

[image: image57.wmf](

)

(

)

¥

¥

-

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

-

=

-

=

=

T

T

a

y

T

k

T

T

a

q

Nu

w

w

w

x

0

y

.    (22)


[image: image58.wmf](

)

(

)

¥

¥

-

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

-

=

-

=

=

C

C

a

y

C

D

C

C

a

m

Sh

w

M

w

w

x

0

y

.  (23)

where 
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 are the wall heat flux and nanoparticles flux, respectively. With the aid of equations (9.2, 9.4, 9.5), the local Nusselt number Nux and the nanoparticles Sherwood number Shx in terms of Rax1/2 are, respectively, obtained by
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It is apparent that for the case of Nr = Nb = Nt = 
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 = 0, equations (11)-(12) are reduced to those of Pop et al. [5]. (The boundary value problem for 
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 then becomes ill-posed and is of no physical significance.)
3. Numerical Method
The present analysis integrates the system of equations (10)-(14) by the implicit finite difference approximation together with the modified Keller box method of Cebeci and Bradshaw [23]. To begin with, the partial differential equations are first converted into a system of five first-order equations. Then these first-order equations are expressed in finite difference forms and solved along with their boundary conditions by an iterative scheme. This approach gives a better rate of convergence and reduces the numerical computational times.

Computations were carried out on a personal computer with Δξ = 0.1; the first step size Δη1 = 0.01. The variable grid parameter is chosen 1.01 and the value of η∞ is between 4.0 and 10.0. The iterative procedure is stopped when the errors in computing the 
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4. Results and Discussion

    In order to verify the accuracy of the present method, we have compared our results with those of Merkin [1], Pop et al. [5], Cheng [6], Nield and Kuznetsov [13], Yih [24], and Nield and Kuznetsov [25]. Table 1 lists the comparison of the values of 
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 = 0. The comparisons in all the above cases are found to be in good agreement, as shown in Tables 1-3.
TABLE 1 Comparison of the values of 
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	Merkin
[1]
	Pop et
al. [5]
	Cheng
[6]
	Present

results

	0.0
	0.6276
	0.6272
	0.6276
	0.6276

	0.2
	0.6245
	0.6295
	0.6245
	0.6245

	0.4
	0.6151
	0.6202
	-
	0.6151

	0.6
	0.5996
	0.6048
	0.5997
	0.5996

	0.8
	0.5781
	0.5834
	-
	0.5781

	1.0
	0.5508
	0.5562
	0.5510
	0.5508

	1.2
	0.5180
	0.5236
	-
	0.5180

	1.4
	0.4800
	0.4859
	0.4804
	0.4800

	1.6
	0.4373
	0.4433
	-
	0.4371

	1.8
	0.3901
	0.3964
	0.3904
	0.3899

	2.0
	0.3391
	0.3456
	-
	0.3387

	2.2
	0.2847
	0.2913
	0.2849
	0.2843

	2.4
	0.2274
	0.2339
	-
	0.2271

	2.6
	0.1679
	0.1741
	0.1680
	0.1677

	2.8
	0.1067
	0.1119
	-
	0.1066

	3.0
	0.0444
	0.0477
	0.4444
	0.0444

	π
	0.0000
	0.0005
	-
	0.0000



TABLE 2 Comparison of the values of 
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	0.0
	0.3712
	0.9576
	0.3712
	0.9576

	1.0
	0.3116
	0.8706
	0.3116
	0.8706

	2.0
	0.1595
	0.6177
	0.1595
	0.6177

	3.0
	0.0085
	0.1644
	0.0085
	0.1644

	π
	0.0000
	0.0174
	0.0000
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Table 3 Comparison of the values of 
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Further, we compare the maximum relative error defined by ε = (
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Nuest－Nux)/Nux applicable for Nr, Nb, Nt each in [0.0,0.5] where Nuest/Rax1/2 = 0.444 + Cr Nr + Cb Nb + Ct Nt, here Cr, Cb, Ct are the coefficients in the linear regression estimate with those obtained by Nield and Kuznetsov [13]. Table 4 shows the maximum relative error when ξ = 
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 = 0 for the lower stagnation point for the various values Lewis number Le. The maximum error occurs at the extreme end of the range considered, namely when (Nr, Nb, Nt) = (0.5, 0.5, 0.5), and the correlation formula overestimates the reduction from the standard fluid value 0.444. It is clear from Table 4 that the present results are in good agreement with those reported by Nield and Kuznetsov [13].


Table 4 Comparison of the maximum relative error ε

	Le
	Cr
	Cb
	Ct
	ε

	
	
	
	
	[13]
	Present

	1
	-0.309
	-0.060
	-0.166
	0.154
	0.143

	10
	-0.111
	-0.245
	-0.150
	0.119
	0.119

	100
	-0.053
	-0.298
	-0.148
	0.108
	0.107

	1000
	-0.036
	-0.313
	-0.148
	0.107
	0.106


For the purpose of the comparison with the future study, Table 5 shows the values of 
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(b) Nr = Nb = Nt = 0.5, Le = 10, 
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    Numerical results are presented graphically for the buoyancy ratio Nr, the Brownian motion parameter Nb, the thermophoresis parameter Nt ranging from 0 to 0.5, the dimensionless coordinate ξ ranging from 0 (the lower stagnation point) to π (the upper stagnation point), the Lewis number Le ranging from 10 to 1000, and the blowing/suction parameter 
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 ranging from -0.5 to 0.5.
     The effect of the buoyancy ratio Nr on the dimensionless temperature and nanoparticles volume fraction profiles is illustrated in Figs. 2 and 3, respectively. Increasing the buoyancy ratio Nr, both the dimensionless temperature and nanoparticles volume fraction profiles increase. Therefore, both the dimensionless surface temperature and nanoparticles volume fraction gradients [
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] decrease, i.e., both the thermal boundary layer thickness and the concentration boundary layer thickness [
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] increase.
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FIG. 2 Effect of the buoyancy ratio on the dimensionless temperature profiles
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FIG. 3 Effect of the buoyancy ratio on the dimensionless nanoparticles volume fraction profiles
The local Nusselt number and the nanoparticles Sherwood number for three values of the buoyancy ratio Nr are illustrated in Figs. 4 and 5, respectively. It is clear that, increasing the buoyancy ratio Nr reduces not only the local Nusselt number but also the nanoparticles Sherwood number. This is because an increase in the value of Nr implies the decrease of the buoyancy force, as shown in equation (10), which tends to retard the flow and gives the larger thermal and concentration thicknesses [
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  and 
[image: image107.wmf]c

d

], as shown in Figs. 2 and 3. The thicker the thermal (concentration) boundary layer thickness, the smaller the local Nusselt (nanoparticles Sherwood) number.
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FIG. 4 Effect of the buoyancy ratio on the local Nusselt number
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FIG. 5 Effect of the buoyancy ratio on the nanoparticles Sherwood number

The effect of the Brownian motion parameter Nb on the dimensionless temperature and nanoparticles volume fraction profiles is depicted in Figs. 6 and 7, respectively. It can be seen that both the dimensionless temperature profile and the thermal boundary layer thickness 
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 increase with the increase in the value of Nb, i.e., the dimensionless surface temperature gradient [
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] decreases with increasing the Brownian motion parameter. However, we observe that the dimensionless nanoparticles volume fraction profile decreases with the increase in the value of Nb, i.e., the dimensionless surface nanoparticles volume fraction gradients [
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 decreases with increasing the Brownian motion parameter.
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FIG. 6 Effect of the Brownian motion parameter on the dimensionless temperature profiles
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FIG. 7 Effect of the Brownian motion parameter on the dimensionless nanoparticles volume fraction profiles

Figures 8 and 9 present the three values of the Brownian motion parameter Nb on the local Nusselt number and the nanoparticles Sherwood number, respectively. When the Brownian motion parameter Nb increases from 0.1 to 0.5, the local Nusselt number decreases. This is due to the fact that the increase in the value of Nb increases the thermal boundary layer thickness 
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d

, as shown in Fig. 6. On the contrary, the nanoparticles Sherwood number increases with increasing the Brownian motion parameter. This is owing to the fact that the increase in the value of Nb decreases the concentration boundary layer thickness 
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, as illustrated in Fig. 7.
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FIG. 8 Effect of the Brownian motion parameter on the local Nusselt number
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FIG. 9 Effect of the Brownian motion parameter on the nanoparticles Sherwood number

The effect of the thermophoresis parameter Nt on the dimensionless temperature and nanoparticles volume fraction profiles is illustrated in Figs. 10 and 11, respectively. From these two figures, it is found that an increase in the thermophoresis parameter Nt has the tendency to reduce the dimensionless surface temperature and nanoparticles volume fraction gradient. Therefore, both the thermal boundary layer thickness and the concentration boundary layer thickness [
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 and 
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] increase.
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FIG. 10 Effect of the thermophoresis parameter on the dimensionless temperature profiles
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FIG. 11 Effect of the thermophoresis parameter on the dimensionless nanoparticles volume fraction profiles

The local Nusselt number and the nanoparticles Sherwood number for the three values of the thermophoresis parameter Nt are shown in Figs. 12 and 13, respectively. These results show that, increasing the thermophoresis parameter Nt causes the retardation of the local Nusselt number and the nanoparticles Sherwood number. Increasing the value of the thermophoresis parameter, not only the thermal boundary layer thickness but also the concentration boundary layer thickness [
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 and 
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d

] increase, as observed in Figs. 10 and 11. The larger the thermal boundary layer thickness and the concentration boundary layer thickness, the smaller the local Nusselt number and the nanoparticles Sherwood number.
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FIG. 12 Effect of the thermophoresis parameter on the local Nusselt number
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FIG. 13 Effect of the thermophoresis parameter on the nanoparticles Sherwood number

Figures 14 and 15 illustrate the Lewis number on the dimensionless temperature and nanoparticles volume fraction profiles, respectively. Increasing the Lewis number from 10 to 1000 will reduce the thermal boundary layer thickness and the concentration boundary layer thickness.
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FIG. 14 Effect of the Lewis number on the dimensionless temperature profiles
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FIG. 15 Effect of the Lewis number on the dimensionless nanoparticles volume fraction profiles
The Lewis number on the local Nusselt number and the nanoparticles Sherwood number are illustrated in Figs. 16 and 17, respectively. As the Lewis number increases, both the thermal boundary layer thickness and the concentration boundary layer thickness become small, as depicted in Figs. 14 and 15. Therefore, both the local Nusselt number and the nanoparticles Sherwood number increase with increasing the Lewis number from 10 to 1000.
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FIG. 16 Effect of the Lewis number on the local Nusselt number
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FIG. 17 Effect of the Lewis number on the nanoparticles Sherwood number
Figures 18 and 19 portray the blowing/suction parameter on the dimensionless temperature and nanoparticles volume fraction profiles, respectively. Both the thermal boundary layer thickness and the concentration boundary layer thickness increase with increasing the blowing/suction parameter (for the case of suction) and decrease with decreasing the blowing/suction parameter (for the case of blowing).
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 FIG. 18 Effect of the blowing/suction parameter on the dimensionless temperature profiles
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FIG. 19 Effect of the blowing/suction parameter on the dimensionless nanoparticles volume fraction profiles
The blowing/suction parameter on the local Nusselt number and the nanoparticles Sherwood number are shown in Figs. 20 and 21, respectively. It is observed that the blowing (suction) case decreases (increases) the Nusselt number and the nanoparticles Sherwood number. This is because that the blowing (suction) case increases (decreases) both the thermal boundary layer thickness and the concentration boundary layer thickness, as shown in Figs. 18 and 19, respectively. Moreover, the Lewis number has a more significant effect on the nanoparticles Sherwood number than it does on the local Nusselt number, as compared Figs. 16-17 and 20-21.
    From the above figures, we can find that the dimensionless temperature and nanoparticles volume fraction profiles decrease monotonically from the surface to the ambient, as shown in Fig. 2-3, 6-7, 10-11, 14-15, 18-19. Both the local Nusselt number and the nanoparticles Sherwood number decrease as the dimensionless coordinate ξ increases, as shown in Fig. 4-5, 8-9, 12-13, 16-17, 20-21.
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FIG. 20 Effect of the blowing/suction parameter on the local Nusselt number
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FIG. 21 Effect of the blowing/suction parameter on the nanoparticles Sherwood number
5. Conclusions
The present paper numerically studies the free convection about a permeable horizontal circular cylinder embedded in a saturated porous medium filled with a nanofluid. Both the local Nusselt number and the nanoparticles Sherwood number decrease monotonically with dimensionless coordinate ξ in all cases. It is observed that the local Nusselt number and the nanoparticles Sherwood number decrease by increasing either the buoyancy ratio Nr or the thermophoresis parameter Nt. Increasing the value of the Brownian motion parameter Nb leads to decrease the local Nusselt number, whereas the nanoparticles Sherwood number takes the opposite behavior. As the Lewis number Le and the blowing/suction parameter fw increase, both the local Nusselt number and the nanoparticles Sherwood number increase. It is also observed that the Lewis number has a pronounced effect on the nanoparticles Sherwood number than it does on the local Nusselt number.
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