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Abstract

This study present a new digital redesign method for implemented analog 
system in which the controller is composed of the forward and feedback gain 
matrices. Since the design of the proposed method is according to the characteristic 
of response curve of stable controlled systems, it is more effective for certain 
digitally redesigned systems. In the proposed method, there is a modulated 
parameter which can be adjusted in accordance with different system models. When 
a suitable modulated parameter value in the proposed method is utilized to 
digitalize an analogue controlled system, the states responses of the new digitally 
redesigned system are able to closely match those of the original analogous 
controlled system, and also can tolerate a larger sampling period for sample-data 
implementation. Thus, the proposed method is more advantageous to the cases in 
which the sampling rates are relatively slow due to the hardware constraints or to 
where the transient responses are especially emphasized. A simulated example is 
used to demonstrate the results. 
Keywords: digital redesign, modulated parameter, sampling period. 
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1. Introduction 

Owing to the low cost and high 
performance of digital technology, a 
system via digital control is superior to an 
analog one [1,2]. The digital control has 
the attractive advantages of flexibility and 
realization, thus it can tune controller just 
by reprogramming the control algorithm 
for further application. Under the influence 
of unavoidable disturbance or noise, the 
analog controller needs an additional 
compensator to eliminate noise, whereas 
the digital control does not require any 
hardware extension to form a high-order 
controller, thus, it can decrease the system 
complexity. There are two main 
approaches to design a digital control 
system. The first approach is to design an 
analogy controller and then redesign it via 
some discretization methods [3-5]. The 
second approach is to discretize the 
controlled plant and then do a discrete-
time controller. Because most of the real 
controllers are designed on continuous-
time model, for which many theories and 
practical methods have been well 
developed, so the first redesigned approach 
is popular and is often used in industry. A 
continuous-time implemented system is 
usually designed upon some specific goals, 
so every redesigned discrete counterpart 
should match the original one as closely as 
possible. That is the focus of this paper. 
For stable continuous-time systems, the 
system responses frequently resemble the 
shrinkage of a sine function curve. It is 

believed that the accordant sine curve 
response may match well system response. 
Thus, a modulated sine block-pulse 
function approximation method is used on 
the available sampled data in a system 
response. 

The materials in this paper are 
organized as follows: In the following 
section, the redesign is briefly discussed. 
Next, the modulated sine block-pulse 
function approximation method is 
presented for the redesign controller. 
Then, a simulation example is performed 
to demonstrate the effectiveness of the 
proposed method, and the results are 
summarized. 

2. Digital redesign 

Let us consider the open-loop linear 
controllable continuous-time system 
described by 

( ) ( ) ( )c c cx t A x t Bu t , 0(0)cx x  (1) 
where ( )cx t  and ( )cu t  are the 1m  state 
vector and the 1p  input vector, 
respectively, and A and B are constant 
matrices of appropriate dimensions. Also, 
let the continuous-time state-feedback 
control law in (1) be 

( ) ( ) ( )c c c cu t K x t E r t  (2) 
where )(tr  is a reference input with 
dimension of 1q , and the feedback gain 

cK  of dimension p m  and forward gain 

cE  of dimension p q  are given. By using 
this controller, the designed closed-loop 
system becomes 

( ) ( ) ( )^
c c cx t A x t B E r t . (3) 
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where ^
cA A BK . The block diagram 

representation of (3) is shown in figure 1a. 
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Figure 1a Continuous-time system 
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Figure 1b. Redesigned digital system 
Let the state equation of the digital system 
which approximates the continuous-time 
system in (1) be represented by 

( ) ( ) ( )d d dx t A x t Bu t , 0(0)dx x  (4a) 
where ( )du t  is a piecewise-constant input 
function 

( ) ( )d du t u kT , for ( 1)kT t k T  (4b) 
and T is the sampling period. Let the 
discrete-time state-feedback control law 
for the open-loop system in (4) be. 

( ) ( ) ( )d d d du kT K x kT E r kT . (5) 
The designed closed-loop system in (4) 
with the controller in (5) becomes  

( ) ( ) ( ) ( )d d d d dx t A x t BK x kT BE r kT ,

0(0)dx x . (6) 
for ( 1)kT t k T , where p m

dK R  and 
p q

dE R  are the digital state-feedback and 
forward gains, respectively. The block 
diagram representation of (6) is shown in 
figure 1b. A zero-order hold is utilized in 
(3) so that ( ) ( )r t r kT  over one sampling 

period. Then, the corresponding discrete-
time models of (3) and (6) can be written 
as 

( ) ( ) ( )^ ^
c c cx kT T G x kT H E r kT , 0(0)cx x

 (7) 
and  

( ) ( ) ( ) ( )d d d dx kT T G H K x kT HE r kT

0(0)dx x  (8) 

respectively, where 

exp ( )^
cG A BK T . (9a) 

1

0
exp ( ) ( )( )^ ^T

c m cH A BK B d G I A BK B

 (9b) 

exp( )G AT , (9c) 

1

0
exp( ) ( )

T

mH A B d G I A B , (9d) 

Note that if cA BK  or A is singular, the 
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computation of Ĥ  or H can be carried out 

by the use of numerical algorithms [6]. 
To match all m states ( )dx t  in (8) with 
( )cx t  in (7) at each sampling instant, it is 

required that 

^
dG G HK , (10a) 

^
c dH E HE , (10b) 

where the p m  feedback gain dK  and 
p q  forward gain dE  are unknown 

matrices to be solved for the digital 
redesign system. The digital redesign 
controller ( dK , dE ) in (10) can be rewritten 
as 

1( )^
dK H G G , (11a) 

1( )^
d cE H H E , (11b) 

Since H is m p  matrix, the ( dK , dE ) in 
(11) can be evaluated under the two 
restricted conditions: the state vector 
dimension m must be equal to input vector 
dimension p, and matrix H must be 
nonsingular. Thus, the transformation of 
( dK , dE ) in (11) is not suitable for digital 
redesign.

3. Modulated sine block-pulse method 
for digital controller 

There are several methods can obtain 
the transformation from original 
continuous-time controller ( cK , cE ) to 
digital redesign controller ( dK , dE ), the 
block-pulse function methods are often 
applied to get the transformation, for 
example the well-known block-pulse 
function with trapezoidal method (or 
bilinear transformational method), and its 
applying skill of block-pulse function and 

assuming are as follows: 
The discrete form of open-loop system 

in (1) can be gotten as 

( ) ( ) exp ( ) ( )
kT T

c c ckT
x kT T G x kT A kT T Bu d

 (12) 
As a block-pulse function )(tk  be 
applied to the continuous-time function 

( )cu t , the ( )cu t  can be represented with the 
block-pulse function series [7] as shown in 
figure 2 

0C

2C

1C

kC

kT kT+T

)(tuc

t
T 2T 3T0

Figure 2. Applying block-pulse function 
series response 

and described as 

0
( ) ( )c k k

k
u t C t  (13a) 

Where 

1 for
( )

0 otherwisek

kT t kT T
t  (13b) 

and the equivalent weighting constant kC
can be evaluated by 

0

1 1( ) ( ) ( )
kT T

k c k ckT
C u t t dt u t dt

T T
 (13c) 

Applying the result of (13) to (12), the 
discrete form of open-loop system can be 
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rewritten as 

( ) ( ) exp ( ) ( )
kT T

c c k c kkT
x kT T G x kT A kT T d B C G x kT HC

 (14) 
To obtained the kC  in sampling intervals, 
the block-pulse function with trapezoidal 
method assumes that the response of ( )cu t
in sampling intervals always form a 
straight line, so the integral area of ( )cu t
in a sampling interval will be 
approximately obtained as 

1( ) ( ) ( )
2

kT T

c c ckT
u t dt T u kT u kT T  (15) 

Accordingly, in a continuous-time 
integration, if the most of the available 
sampled data form a straight line or a low-
order curve, then applying trapezoidal 
method will produce a smaller error and 
obtain a more precise equivalent weighting 
constant kC  in discrete processes. 
Consequently, the trapezoidal integration 
method generally achieves good 
performance as a smaller sampling period 
is used to redesign a system, because in a 
smaller sampling interval, the sampling 
data in a continuous-time integration forms 
a very slight curve, not so different to a 
straight line. Meanwhile, the trapezoidal 
integration method is unsuitable for 
systems with larger sampling periods since 
it will produce greater error and obtain a 
less precise equivalent weighting constant 

kC  in the discrete process. However, the 
actual sampled data in a continuous-time 
integration generally form an ark, the 
magnitude of which frequently varies 
owing to different system models and 
sampling periods. These arc curves 
obviously often resemble some part of a 
modulated sine function curve, since the 
modulated sine function significantly 

influences oscillation responses for stable 
systems. 

A stable controlled system as shown 
in figure 1, the time-domain responses of 

( )cu t  and ( )cx t  gradually converge with an 
oscillation form. Scanning the whole 
convergent oscillation response process of 

( )cu t  and ( )cx t  with the viewpoint on the 
segmental curves reveals that the 
segmental responses of ( )cu t  and ( )cx t  in 
most sampling intervals resemble an arc 
curve, as displayed in figure 3a. 

Consequently, the precise integral 
area of ( )cu t  in a sampling interval can be 
assessed by the proposed numerical 
integration method, as follows: 

Let ( )y t  denote the time-domain 
response of a stable system. Considering 
the integral area of ( )y t  in a sampling 
interval given by 

( )
kT T

kT
A y t dt  (16) 

Since the response factor in ( )y t  consists 
of the modulation sine function and 
convergent exponential function, the 
response of )(ty  is contained in a sampled 
interval which generally forms an arc 
curve, and these arc curves frequently 
resemble the shrinkage of a sine function 
curve, a modulated sine function is applied 
for approaching these arc curves. For 
figure 3a, the continuous-time integration 
area of an arc curve sampling interval can 
be derived based on the rectangular area 

1A  (area abed) and the modulated sine area 

2A  (area bce with dash arc). Area 

1 ( )A T y kT  and area 2A  is assessed as 
follows: Let tA  denote the triangular area 

bce which is particularly considered 
with 2A  in figure 3b, and show a useful 
relation between modulated curve area 2A
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and tA . The horizontal coordinate values 
of points b and e are with 0t  and t T ,
respectively, and let point c denote the 
corresponding point on a modulated sine 
function sin( )nt  with t T , where n is the 
modulated parameter. The triangular area 

tA  can be derived as 

t
1 1be ce sin
2 2

A T nT

and the modulated sine area 2A  is 

2 0

1sin( ) 1 cos( )
T

A nt dt nT
n

Moreover, the correlation of 2A  and tA
yields 

2

t

2 1 cos( )
sin( )

A nT
A nT nT

2A

e

da

c

kT kT+T

y(t)

t

b

1A

Figure 3a. A convergent block-pulse 
internal response 

b e

c

tA

ntsin

t
0 T

Figure 3b. The modulation sine area 2A

or

2 t
2 tan

2
nTA A

nT

Thus, in figure 3a, the area  

t
1 ( ) ( )
2

A T y kT T y kT and 2A  is 

2
2 1tan ( ) ( )

2 2
1 tan ( ) ( )

2

nTA T y kT T y kT
nT

nT y kT T y kT
n

Based on the above geometric method, 
equation (16) is got as 

1 2( )

1 11 tan ( ) tan ( )
2 2

kT T

kT
A y t dt A A

nT nTy kT y kT T T
nT nT

 (17) 
By applying the result in (17), the integral 
area of ( )cu t  in a sampling interval by 
proposed method will be approximately 
obtained as 

1 1( ) 1 tan ( ) tan ( )
2 2

kT T

c c ckT

nT nTu t dt u kT u kT T T
nT nT

 (18) 
and the equivalent weighting constant kC
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can be gotten by 
1 11 tan ( ) tan ( )

2 2k c c
nT nTC u kT u kT T

nT nT

 (19) 
Consequently, the ( )cu t  by the modulated 
sine block-pulse method can be 
represented as 

0

1 1( ) 1 tan ( ) tan ( ) ( )
2 2c c c k

k

nT nTu t u kT u kT T t
nT nT

 (20) 
Substituting the result of (19) into (14), it 
obtains 

1 1( ) ( ) 1 tan ( ) tan ( )
2 2c c c c

nT nTx kT T Gx kT H u kT u kT T
nT nT

 (21) 
The continuous-time state-feedback control 
laws ( ) ( ) ( )c c c cu t K x t E r t  at sampling 
time kT  and kT T  are substituted into 
(21), namely 

1 1( ) 1 tan ( ) tan ( )
2 2

1 11 tan ( ) tan ( )
2 2

c c c c c

c c

nT nTx kT T G HK x kT HK x kT T
nT nT

nT nTHE r kT HE r kT T
nT nT

 (22) 
Assuming a step input is used 
( ( ) ( )r kT r kT T ) and rearranging (22), it 
yields 

1

1

1 1( ) tan 1 tan ( )
2 2

1 tan ( )
2

c m c c c

m c c

nT nTx kT T I HK G HK x kT
nT nT

nTI HK HE r kT
nT

 (23) 
The above result in (23) is the designed 
continuous-time equation at the sampling 
instant. The comparison of (23) and the 
corresponding redesigned discrete-time 
model in (8) is given as 

1
1 1tan 1 tan

2 2d m c c
nT nTG HK I HK G HK

nT nT

 (24a) 

1
1 tan

2d m c c
nTHE I HK HE

nT
 (24b) 

From (24), the digitally redesigned 
feedback gain dK  and forward gain dE  are 
reduced to 

1
1 1 1tan 1 tan tan

2 2 2d p c c m
nT nT nTK I K H K I G

nT nT nT

 (25a) 

1
1 tan

2d p c c
nTE I K H E

nT
 (25b) 

From the designed continuous-time model, 
A , B , cK  and cE  are known, and G  and 
H  are given from (9c) and (9d), thus the 
redesigned discrete-time gains dK  and dE
can be obtained from (25), and the system 
responses of the digitally redesigned 
system will closely match that of the 
originally continuous-time system. 

On the other systematic approaches, 
the digitally redesigned gains proposed in 
this paper have some relation to those via 
improved block-pulse function method [4] 
and block-pulse function with trapezoidal 
method [3]. For comparison, different 
superscripts are added on controller gains 
to designate each associated method as 
follows: 
(i)Improved block-pulse function method 

[4] 

11 ( )^ ^
d c mK K A G I

T
 (26a) 

1 1[ ( )]^^
d p c cE I K A B H E

T
 (26b) 

where ^
cA A BK , exp ( )^

cG A BK T  and 

1( )^ ^ ^
mH G I A B .

(ii)Block-pulse function with trapezoidal 
method [3] 

11 1( ) ( )
2 2d p c c mK I K H K I G  (27a) 
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11( )
2d p c cE I K H E  (27b) 

where exp( )G AT  and 1( )mH G I A B .
(iii)The proposed method that the results 

of dK  and dE  are shown in (25a) and 
(25b). 

4. Illustrative example 

Consider a continuous-time designed 
system [3,4,8] 

( ) ( ) ( )c c cx t Ax t Bu t , (0) 0 0 0 0 0cx
with the designed controller 

( ) ( ) ( )c c c cu t K x t E r t
where 

0.809 2.060 0.325 0.465 0.895
6.667 0.200 1.333 0.000 0.667
1.291 0.458 1.072 2.326 0.199
0.324 0.824 1.670 1.186 0.358
3.509 4.316 0.702 0.000 8.351

A

0.955 0.379
1.667 1.667
0.212 1.195
0.618 0.052
0.877 1.403

B

7.871 0.563 3.255 0.137 0.754
1.625 1.247 1.297 1.003 0.182cK

1.0 0.0
0.0 1.0cE

It is desired to find an equivalent digital 
control law ( ) ( ) ( )d d d du t K x kT E r kT  such 

that ( )dx kT  in (8) can match ( )c t kTx t  in 

(3) with the piecewise-constant control 
input ( ) ( )d du t u kT  for kT t kT T .

For fair comparison, the sampled-data 
performance indices are proposed and 
respectively defined as follows: 

0

1

0 0

( ) ( )

( ) ( )
f f

f
nc nd

k h

nc nd
k h f f f

n

t
xJ x t x t dt

T T Tx t kT h x t kT h
h h h

and
5

1
S

n
nxJ J

where 
nxJ  are the state response errors of 

1x 5x  for time response from 0 to ft
second between continuous-time system 
and the digital redesign  system,  

int f
f

t
k

T
 i s  t h e  f i n a l  s a mp l i n g  p o i n t  

during the whole response section, and fh
is the number of evaluated points during 
one sampling interval. The SJ  is the 
summation of state response errors of the 
digital redesign system. 

For clear comparison, we compute the 
state summation error SJ  ( 7ft  sec and 

100fh  are chosen) via the three digital 
redesign methods at different sampling 
period, and those evaluations of SJ  are 
shown in figure 4. 
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trapezoidal block-pulse method
modulated sine block-pulse method

Figure 4. SJ  of three methods in different 
sampling periods 

It is seen that there are 34 different 
sampling periods ( 0.02,0.04,0.06, ,0.68T )
are chosen to compute these SJ  of three 
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methods. In order to look for the optimum 
modulated parameter n of the proposed 
method using the illustrated example, the 
sum of SJ  ( 7ft  sec, 100fh ) of 
proposed method using different modulated 
parameter n at 34 different sampling 
periods is calculated and shown in figure 
5.

2.5 3 3.5 4 4.5
8
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Modulated sine parameter n
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f s
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r s
um

m
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n

Figure 5. The sum of SJ  of proposed 
method using different modulated sine 

parameter n

Clearly, the 3.9n  has the least error, thus 
it also is the most suitable modulated 
parameter value of proposed method for 
redesigning the illustrated system. In 
figure 4, 3.9n  is used in proposed 
method to compare with other two 
methods, and there are some phenomena 
are found as follows: 
As sampling period 0.3T  sec, the SJ  of 
digital redesign system via the three 
methods are close, so the three digital 
redesign methods have similar good 
performance in this sampling interval. 
As 0.3 0.5T  sec, the two performance 
indices SJ  with ( dK , dE ) and ( dK dE ) are 
less than SJ  with ( dK , dE ). So the 
improved block-pulse method and 
modulated sine block-pulse method have 

similar better performance than trapezoidal 
block-pulse method in this sampling 
interval. 
As 0.5 0.58T  sec, the performance index 

SJ  with ( dK , dE ) is less than the SJ  with 
( dK , dE ), and the SJ  with ( dK dE ) is the 
least among the three method. In this 
sampling interval, the modulated sine 
block-pulse method has the best 
performance, the improved block-pulse 
method is the second and trapezoidal 
block-pulse method is the last. 
As 0.58T  sec, the performance index SJ
with ( dK , dE ) is greater than the SJ  with 
( dK , dE ), and the SJ  with ( dK dE ) is also 
the comparatively least among the three 
method. Thus, in this sampling interval, 
the modulated sine block-pulse method has 
the best performance, the trapezoidal 
block-pulse method is the second and 
improved block-pulse method is the last. 
The conclusion in above discussion is 
tabulated in table 1 for comparison. In this 
example, the proposed method has superior 
performance display at most of selected 
sampling periods. 

Then let us choose two sampling 
periods to verify the above conclusion. 
First, a sampling period 0.25T  sec is 
selected for the discrete-time model. The 
digitally redesigned gains in (26) via the 
improved block-pulse function method are 
given by 

1.9829 0.8894 0.7346 0.0414 0.1887
0.6402 0.8736 0.1619 0.7175 0.0407dK

0.4057 0.2801
0.1163 0.7240dE

By utilizing the trapezoidal block-pulse 
method, the desired gains in (27) are 
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2.6260 0.7954 1.0335 0.0346 0.2494
0.3370 0.8712 0.3071 0.7327 0.0117dK

0.4772 0.2532
0.0903 0.7476dE

Also, the gains in (25) via modulated sine 
block-pulse method with 3.9n  are 

2.4598 0.8132 0.9667 0.0354 0.2335
0.4208 0.8452 0.2614 0.7168 0.0201dK

0.4582 0.2576
0.0919 0.7334dE

Choosing 2.5ft  sec, the state responses 
of 1x 5x  of the continuous-time system 
and digital redesigned system with ( dK ,

dE ), ( dK , dE ) and ( dK dE ) are together 
shown in figure 6, and the evaluations of 
the performance indices are tabulated in 
table 2 for comparison. In this example, 
each simulated performance index of 

1xJ

5xJ  is numerically evaluated via 100 
points ( 100fh ) during one sampling 
interval. 
Second, a sampling period 0.64T  sec and 

7ft  sec are chosen for the discrete-time 
model, and the state responses of the 
continuous-time system and digital 
redesigned system with ( dK , dE ), ( dK ,

dE ) and ( dK dE ) are shown in figure 7a, 
figure 7b and figure 7c, respectively. 
Moreover, the all evaluations of the 
performance indices of the state response 
in figure 7 are tabulated in table 3 for 
comparison. 

0 0.5 1 1.5 2 2.5
-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

Time (sec)

S
ta

te
s x1

x2

x3

x4

x5

continuous-time system
improved block-pulse system
trapezoidal block-pulse system
modulated sine block-pulse system

Figure 6. The states responses of three 
redesigned method with T=0.25(sec) 
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Figure 7a. Improved block-pulse method 
with T=0.64(sec) 
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Figure 7b. Bilinear transformation method 
with T=0.64(sec) 
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Figure 7c. Modulated sine method with 
T=0.64 (sec) 

From figure 6 and table 2, as sampling 
period is not great, it is shown that the 
digital redesigned state responses of three 
methods are similar, and they have closely 
good performance display. It is interested 
to increase the sampling period T
gradually, as 0.64T  sec, the digital 
responses via improved block-pulse 
method are divergent as shown in figure 
7a, but the responses via trapezoidal 
block-pulse method and via proposed 
method with 3.9n  are still convergent as 
shown in figure 7b and figure 7c, 
respectively, and proposed method has a 
fewer state response error. 
Figures 6-7 and tables 1-3 reveal that 
digital redesign controlled system via the 
proposed method with a suitable n display 
good performance in discrete-time 
response and tolerate a wider sampling 
period for sample-data implementation. 

5. Conclusion 

A new method for digital redesign of 
an analog controller for a sampled-data 
system has been presented. Because the 
proposed method is fitter for the actual 

response curves of a stable system, it can 
be more effective in digitalizing an 
implemented analog system. The proposed 
method, modulated sine block-pulse 
function method, has a adjustable 
parameter, the user can suitably chosen the 
value of the modulation parameter 
depending on the defined cost function 
with a least discretized error sum for a 
control system. Consequently, via 
beforehand simulation, when a suitable 
modulated parameter value in the proposed 
method is utilized to digitalize an analogue 
controlled system, not only the resulting 
dynamic states of the digital redesign 
controlled sampled-data system are able to 
closely match those of the original 
controlled continuous-time system, but 
also the new digitally redesigned system 
can tolerate a larger sampling period when 
compared to other redesign methods. 

The proposed digital redesign method 
is more advantageous to the cases in which 
the sampling rates are relatively slow due 
to the hardware constraints or the transient 
responses are especially emphasized. 
Throughout the proposed method disclosed 
in this paper, a more precise digital 
redesigned system can be obtained. 
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Table 1. The performance order of three methods in different sampling time interval 
Performance 

order 3.00 T 5.03.0 T 58.05.0 T T58.0

dK  , dE

dK  , dE

dK  , dE
Table 2. Error comparison with the sampling period T=0.25(sec) 

1xJ
2xJ

3xJ
4xJ

5xJ SJ

dK  , dE 0.0207 0.0399 0.0131 0.0137 0.0213 0.1088 

dK  , dE 0.0199 0.0404 0.0108 0.0114 0.0226 0.1050 

dK  , dE 0.0196 0.0391 0.0105 0.0112 0.0218 0.1021 
Table 3. Error comparison with the sampling period T=0.64(sec) 

1xJ
2xJ

3xJ
4xJ

5xJ SJ

dK  , dE 0.7787 1.3178 0.2521 0.3052 0.7063 3.3602 

dK  , dE 0.4899 0.8228 0.1717 0.2077 0.4358 2.1279 

dK  , dE 0.0972 0.1475 0.0824 0.0870 0.0753 0.4894 




