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ABSTRACT 

The principle of wavefront reconstruction by arbitrary phase-step digital holography using 
Fresnel holograms is presented. Using the inherent nature of the in-line geometry in digital holography, 
the arbitrary phase-step of the reference wave can be easily estimated. The object wavefront can be 
numerically reconstructed without twin-image blurring using only two holograms, allowing the 
number of holograms to be reduced and the optical setup further simplified. Computer simulations are 
carried out to verify the proposed approach. Optical experiments are performed to validate the 
approach. The optical results and spatial resolutions between different numbers of recorded holograms 
are also presented and discussed. 
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摘    要 

本文提出利用多張菲涅耳全像片及任意相位步進數位全像術波形重建的原理。利用數位全

像術同軸光路的基本特性，在光路中參考光所改變之相位步進可以很容易地估計。只要記錄兩

張全像片，物體波前可以數值法重建，同時沒有零階與共軛影像的干擾，如此可簡化光路設置，

以及全像片張數。為證實所提方法可行性，我们以電腦模擬及光學實驗確認之。最後，展示與

討論在記錄不同張數的全像片之間的光學結果與系統的空間解析能力。  

關鍵詞：數位全像術，任意相位步進，波形重建，共軛像干擾 
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I. INTRODUCTION 

    In digital holography (DH) the hologram is 
digitized and the object wavefront is numerically 
reconstructed using a computer. This idea was 
proposed by Goodman and Lawrence [1]. This 
technique has received increasing attention since 
a CCD camera was used to directly acquire a 
Fresnel hologram by Schnars and Juptner [2]. 
This method, the so-called DH, enables full 
digital hologram recording and processing 
without chemical or physical developing, thus 
increasing the flexibility and speed of the 
experimental process. Those digital holograms 
were recorded using off-axis geometry. However, 
because of the angle between the reference and 
object waves, off-axis DH does not use the 
available CCD space-bandwidth product. 
    In-line geometry was developed to 
eliminate these limitations. However, as with 
in-line classical holography, the major restraint 
of in-line geometry is produced by the dc term 
and twin-image during numerical reconstruction. 
This causes blurring. Blurring suppression has 
become the primary DH research issue. Various 
experimental setups and numerical algorithms 
have been proposed to suppress the unwanted 
noise [3-13]. The simplest solution of these 
methods is digital in-line holography (DIH) 
[6-8], which requires a laser, a pinhole and a 
CCD. The distance of the CCD from the pinhole, 
typically a few centimeters, was adjusted to 
capture all interference fringes of the hologram 
that could be resolved with sufficient pixels. The 
micrometer-sized (or sub micrometer-sized) 
object to be visualized was located a distance, 
typically a few millimeters from the pinhole, 
such that the Fraunhofer or far-field condition 
was fulfilled [14]. Using this simple setup, the 
image on the screen was dominated by its 
holographic part, and the twin-image did not 
create a problem during numerical 
reconstruction, since it only caused some quite 
minor variations of intensity across the real 
image and reduced to a constant for the far-field 
approximation [14]. It must be pointed out; 
however, the method is not applicable to the 
objects whose dimensions are larger than 
millimeters due to the limitations imposed by the 
far-field condition. Note that when the 
wavelength of incident light λ = 0.6328μm, the 
far-field of an object of diameter 1 mm starts at 

about 40 m, which is impossible to fulfill in 
laboratory environment. Therefore, to remove 
the limitations imposed by the far-field condition 
and thus save the optical space, the more 
complex optical setups than DIH, e.g. the 
phase-shifting technique [9] or the arbitrary 
phase-steps methods [10-13], are needed to 
reconstruct the object wavefront with multiple 
Fresnel holograms in the Fresnel or near-field 
region. 
    To eliminate the undesirable images, 
Yamaguchi and Zhang [9] proposed four Fresnel 
holograms with phase shifts of 0, π/2, π and 3π/2 
of the reference wave by employing a 
piezoelectric transducer (PZT) mirror. Because 
the conventional phase-shifting DH requires a 
special and constant phase shift, 2π/N, where the 
integer N≧3, this requirement is often difficult 
to precisely meet in reality. Therefore, we 
present an arbitrary phase-steps DH (APSDH) 
with multiple holograms (at least two) to 
suppress the blurring using different approaches, 
e.g. blind searching algorithm [11], limited area 
algorithm [12, 13], to estimate the phase-steps of 
the reference wave. 
    This paper will present the principle and 
algorithm for APSDH using multiple holograms, 
which is the extension of the approach of Hsieh 
et al. [12, 13]. The proposed approach is 
re-described using the following statement for 
convenience. After recording the holograms 
with/without a phase step, the dc term is first 
suppressed from these two holograms using the 
Kreis et al. or Chen et al. or typical methods 
[3-5]. The phase-step is then a function related 
to the ratio of reduced intensities of the two 
holograms and phase differences between the 
object and reference waves. For further 
approximation, the phase change due to the 
object illuminated by the object beam is 
neglected. The phase differences (i.e. optical 
path difference) between the object and 
reference waves can be calculated using simple 
argument. From the calculated phase differences, 
the tangent values of them which are very small 
compared to one (<<1) can be found near optical 
axis. The contribution of the tangent values can 
be neglected from the ratio of “reduced” 
intensities between the two holograms. Then the 
phase-step can be easily estimated in the space 
or spatial frequency domain, allowing use of the 
estimated phase-step with the two reduced 
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    The dc term will be suppressed using one 
of the following methods. It can be removed 
using the experimental method or the numerical 
method or the combined method. 

hologram intensities to numerically reconstruct 
the object wavefront. Simulations are carried out 
to verify the proposed approach by using the 
resolution target as the input image (1024 × 
1024 pixels in size). Optical experiments are 
performed to validate the approach with a 
resolution target as an object. The optical results 
and spatial resolutions between different 
numbers of recorded holograms are also 
presented and discussed. 

Method A – four recording holograms 

    The object wave and reference wave beams 
are blocked separately [5], such that the 
intensities of the object wave 2

Oψ and 

reference wave 2
Rψ can be recorded at the 

hologram plane. The dc term can then be 
subtracted from the holograms 1 and 2. 

II. PRINCIPLE AND 
ALGORITHM 

In DH (as shown in Fig. 1), a second wave 
with known amplitude and phase, mutually 
coherent with the first is used as the reference 
wave. The reference wave, ψR, interferes with 
the object wave, ψO, produced by the light 
passing through or reflected by the object. 

2

O

2

1 --' ψψ RHH1 I=I                    (3) 

Method B – three recording holograms 

The intensity of the reference wave is also 
recorded by blocking the object wave beam. The 
dc term can be suppressed using the method 
proposed by Chen et al. [4] to approximate the 
intensity of the object wave. 

 

 

( )
2

1

22

12

1 --'
RH

RH
RHH1

I

I
I=I

ψ

ψ
ψ

+

−
            (4) 

Fig.1. Geometry for in-line digital holography. Method C– two recording holograms 
In APSDH, the intensities of the two holograms 
at the hologram plane can be expressed as 

We can calculate the average intensities of 
the hologram 1 and 2 and subtract this average 
intensity from both holograms using the Kreis 
and Juptner method [3]. 
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Utilizing the above methods, the dc term 
can be completely suppressed and the intensity 
of the first hologram reduced. It can now be 
written as 

)(cos222
2 ϕϕϕ Δ−−++= rororoH aaaaI     (2) 

where ao, ar, φo, φr denote the amplitudes and 
phases of complex fields ψO, ψR, respectively.  
(x, y) denote the coordinates of the hologram 
plane coordinates and Δφ the arbitrary 
phase-step of the reference wave, respectively. 
On the right hand side of Eq. (1), the first two 
terms correspond to the dc term, the third term 
to the original object wavefront and the fourth to 
the twin-image. 
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Similarly after the dc term is completely 
suppressed, the reduced intensity of the second 
hologram can be written as 
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2.1 Suppression of dc term 
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2.2 Elimination of twin-image blurring 
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    Let Eq. (7) be multiplied by the term 
of ( ϕΔ-exp j , it is then subtracted using Eq. (6). 
We can obtain the following expression as 

, where Δx = Lx / N and Δy = Ly / M are the 
sampling intervals in the hologram plane, N×M 
is the number of light-sensitive pixels on the 
CCD. The Lx and Ly denote the width of the 
CCD array in the x- and y- direction, 
respectively. 
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Since Δφ can be considered fixed during the 
recording stage, so that the term 

( )[ ]ϕ2Δ-exp-1 j  is a constant. Now it can be 
found that the right-hand side of Eq. (8) contains 
only the product of the object wave and the 
conjugate of the reference wave, thus the 
twin-image is eliminated and disappeared from 
above numerical operations. Then the object 
wavefront in the image plane can be 
reconstructed using the convolution approach 
[15] as 

If the value of the ( ro

{ } { }{  )(* dzhU=ψψ -1
RO =ℑℑℑ }       (9) 

)ϕϕ -tan  term can 
be neglected for some area of the hologram 
plane, Eq. (10) can then be further simplified 
and the phase-step can be easily estimated. For 
the in-line holography configuration some area 
exists near the hologram plane optical axis in 
which their ( )ro ϕϕ -tan  term can be neglected 
with simple argument. We show this by 
calculating the phase differences between the 
object and reference waves.  

, where H2H1 IjΔIU ')exp(' ϕ−−= and 
 represents the impulse response 

through distance , respectively. 
( dzh =

For simplicity, we only consider the 1-D 
case (x-direction) as shown in Fig. 2. )

dz =  

 

2.3 Estimation of arbitrary phase-step Δφ 

From Eq. (8), we need to estimate the value 
Δφ to reconstruct the object wavefront. If the 
phase-step can be accurately estimated, the 
image can then be numerically reconstructed 
without blurring. In general, Δφ can be estimated 
from the two recorded holograms using the well 
known phase-retrieval algorithms [16]. However, 
those algorithms are always time consuming in 
executing iteration schemes. Conversely, we will 
present a totally different approach (compared 
with those algorithms), that uses the inherent 
nature of in-line geometry to estimate the 
phase-step more accurately. 

Fig. 2. Geometry of the object wave and 
      reference wave near optical axis. 

It is straightforward to express the phase 
difference near the optic axis as 
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        (12) From Eqs. (7) and (6), the ratio of the 
reduced intensities between  and can 
expressed as 

2' HI 1'HI

, where d is the distance between object plane 
and hologram plane, the pixel number, Δx 
the pitch size along x-direction and λ wavelength, 
respectively. According to our experimental 
setup, we choose these parameters as follows: d 
= 10 cm, Δx = 4.67μm (from the specification of 
the Pixera-150SS CCD camera) and λ = 
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The digital representation of hologram 
 results from 2-D spatial sampling of 
by CCD and is expressed as [17] 
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0.6328μm. We can substitute these values into 
Eq. (12) and obtain the values of the phase 
difference which are proportional to the square 
of the pixel number . To satisfy the condition 
of 

xN
( ) 1tan <<ro-ϕϕ , we choose  (i.e. o5<ro-ϕϕ

( ) 0.08749≅ro-tan ϕϕ ), and the pixel number Nx 
can then be estimated to be less than 10, as 
shown in Fig. 3. 

Fig. 3. Phase difference between the object and 
    reference waves near the optical axis. 

   From the above simple argument, then Eq. 
(10) can now be rewritten (in discrete form) as 
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From Eq. (13a), the value Δφ of every pixel near 
the optical axis can be estimated easily. 
Alternatively, Δφ can be estimated using the 
Fourier transform ratio of their reduced 

intensities with the same approximations, 
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where u = 0, ..., N-1 and v = 0, ..., M-1. 

{ }
{ }

{ }
{ }  )cos(

)cos(2
)cos(2

'
'

1

ϕ
ϕϕ

ϕϕϕ
Δ

aa
aa

I
I

roro

roro

H

H2 ≅
−ℑ

Δ−−ℑ
=

ℑ
ℑ

(15) 

for the same limitation as Eq. (13a). 

 

III. COMPUTER SIMULATIONS 
AND DISCUSSIONS 

    In this section, we perform simulations to 
test the proposed approach. In the simulation 
procedure the intensity ratio of the object wave 
to reference wave is assumed to be 1:1. The 
original image (1024 × 1024 pixels in size) is 
shown as in Fig. 4(a). The reference wave is a 
plane wave. As described in Section 2, the 
simulated distance between the object plane and 
hologram plane is d=10.0cm and the 
illumination wavelength λ= 0.6328μm. The 
phase-step Δφ is set to be 1.43 radians. 

Figures 4(b) and 4(c) show the two 
holograms simulated with/without the 
phase-step, respectively. Using one of the three 
methods as described in Section II, the dc term 
can be suppressed from the two holograms. The 
value Δφ can then be estimated from Eqs. (13a) 
or (15) with the pixel array (505:517, 505:517) 
near the optical axis. The optimal estimated 
values Δφ using these three methods are shown 
in Table 1. 

 

 

(b) (c) 
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(a) 

Fig. 4. Simulation results: (a) Original image, (b) First hologram, (c) Second hologram. 

Table 1. Estimated phase-step Δφ by computer simulations 

 Method A  

(spatial domain) 

Method B 

(frequency domain) 

Method C 

(frequency domain) 

phase-stepΔϕ 

(radians) 
1.4324 1.4113 1.5303 

Error (%) 0.17% 1.3% 7.01% 
 

Figures 5(a), 5(b) and 5(c) show the 
numerically reconstructed image using Eq. (9) 
and those three methods, respectively. It can be 
found that those three methods can all be used to 

numerically reconstruct the object wavefront 
without obvious blurring. 

 

 
(a) (b) (c) 

Fig. 5. Reconstructed images by simulations with: (a) Method A, (b) Method B, (c) Method C. 

Naturally, the method A is the best scheme 
to suppress the dc term and twin-image, but it 
needs the longest time to record the four 
recordings. Using it, the dc term is completely 
eliminated from the two holograms, so the 
optimal value Δφ can be estimated with error as 
little as 0.17%. The image can then be 
numerically reconstructed accurately without 
blurring. Unlike method A, the optical setup of 
method B with three recordings is simpler, but 
the dc term is not completely eliminated as in 

method A. The quality of the reconstructed 
image is therefore not better than that produced 
by method A. The optimal value Δφ is better 
estimated in the frequency domain (using Eq. 
(15)) with error as little as 1.3%, which is 
greater than that from method A. Although 
method C with two recordings is the simplest 
and shortest time among them, as expected, the 
optimal value Δφ has about 7.0% greater error 
than the others. 
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IV. EXPERIMENTAL SETUP AND 
RESULTS 

 

The Mach-Zehnder setup as shown in Fig. 
6 is performed to validate the proposed 
approach. The arbitrary phase-step of the 
reference wave in the optical path was obtained 
by inserting a glass. The two holograms, object 
wave and reference waves were recorded by a 
CCD sensor (Pixera-150SS CCD camera, 
1040×1392 pixels, 0.484cm×0.65cm), 
respectively. A resolution target (size 1.0 
cm×1.0cm) was chosen as an object to evaluate 
the spatial resolution of the proposed optical 
system, and placed at a distance of z=12.40cm 
away from the CCD. 

Fig. 6. Schematic of Mach-Zehnder setup. 

Figures 7(a) and 7(b) show the two 
holograms with/without the phase-step 
captured by CCD at the hologram plane, 
respectively. Using one of the three 
methods as described in Section 2, the dc 
term can be suppressed from the two 
holograms. The value Δφ can then be 
estimated from Eqs. (13a) or (15) with the 
pixels array (515:525, 691:701) near the 
optical axis. The optimal estimated values 
of Δφ using these three methods are shown 
in Table 2. 

 
(a) 

 
(b) 

Fig. 7. Optical experimental results: (a) First digital hologram, (b) Second digital hologram. 

Table 2. Estimated phase-step Δφ and spatial resolution by optical results 

 Method A 
 (frequency domain) 

Method B 
(frequency domain) 

Method C 
(frequency domain)

phase-stepΔϕ 
(radians) 

1.5614 1.5444 1.5402 

cut off spatial 
frequency 

45.25cycle/mm 
 

45.25cycle/mm 
 

40.32cycle/mm 
 

spatial resolution 11.05μm 11.05μm 12.40μm 

 
Figures 8(a), 8(c) and 8(e) show the 

numerically reconstructed image of resolution 
target using Eq. (9) and methods A, B and C, 

respectively. Unlike the simulation results, 
which are generated from a man-made, well 
controlled and super artificial environment, only 
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the reconstructed images in Fig. 8(a) using 
method A can be found without obvious blurring 
in the real optical setup. The other two 
reconstructed images somehow can be found 
residual blurring, especially Fig. 8(e) by the 
method C is the worst among them and dc term 
and twin-image can be found obviously. 

Figures 8(b), 8(d) and 8(f) show the 
enlarged part of 8(a), 8(c) and 8(e), respectively. 

The spatial frequencies and spatial resolutions 
of enlarged part are also shown in Table 2. Note 
that the spatial resolution of reconstructed image 
in Fig. 8(c) is about 11.05μm which is the same 
level as published by Chen et al. [10]. Moreover, 
the contribution of the dc term and twin-image, 
which cause blurring as shown in Fig. 8(c) is 
less than before [10]. 

 

(a) (b) 

(c) (d) 

 
(e) (f) 

Fig. 8. Reconstructed images using: (a) and (b) Method A, (c) and (d) Method B, (e) and (f) Method C. 

To validate the proposed approach, a 
simple experimental setup is performed. Instead 
of using the phase-shifting component, the 
phase-step Δφ of the reference wave is obtained 
by using a glass. The object wave, reference 
wave and two holograms with/without the 
phase-step are captured by CCD at the hologram 
plane, respectively. Secondly, following the 
proposed approach of our group [13], the Δφ 
value can be estimated easily from the pixels 

array (515:525, 691:701) near the optical axis. 
The optimal estimated values of Δφ have to be 
selected by the try-by-error method and can not 
be generated automatically. Using Eqs. (8) and 
(9) with optimal values of Δφ, the spatial 
resolutions of the reconstructed images as 
shown in Figures. 8(b), 8(d) and 8(f), from our 
best understanding, apparently reach the state of 
art [10]. 
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V. CONCLUSIONS 

We described the principle and algorithm 
for arbitrary phase-step digital holography using 
multiple holograms. Our proposed approach has 
been verified accurately with the simulation 
results. For the in-line geometry, we analyzed 
the parameters of the optical setup and used the 
simple argument to obtain the derivation of the 
arbitrary phase-step Δφ. With the estimated Δφ 
value, the object wavefront can be numerically 
reconstructed without blurring. We also 
evaluated the limitation of the pixel number 
which can be satisfied according to the given 
optical setup. Optical experiments were also 
performed to validate the approach. The optical 
results and spatial resolutions between different 
dc term suppression methods with recorded 
holograms are also presented and discussed. The 
proposed method will be further applied to 
phase objects, digital holographic microscopy, 
optical metrology, non-destructive testing etc. 
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